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Abstract. g-analogues of Stirling number identities are formulated, and the interconsistency
among thez-analogues of the Stirling numbers and of the binomial coefficients is investigated.
The close relation with the normal ordering problem for Arik—Coon-tygmsons plays a central
role in the derivations presented.

1. Introduction

The advent of quantum groups has drawn wide attention to various facetalgébra and
g-analysis. Some of the most elementary and well known results relate to the properties of
g-integers, the simplest variant of which is defined as

k
qg“—1
kl, = .
s =
Theseg-integers satisfy thg-arithmetic relation
[K]y + 4“1, = [k + €], = €], +q"[K], @

that will be needed later. They give rise to thdactorial
[k]g! = [k — 1],! - [K], [0],! =
and to theg-exponential
exp,(x) = .
1 — [£],!

In this paper we pay particular attention to some of the properties associated with Arik—Coon
g-boson operators [1], that satisfy

[a, aT]q =aa' — ga'a = 1.
In the corresponding Fock space

a'lk) = Tk + 1],k + 1)

alk) = /Kl lk — 1).

A different g-exponential is discussed by Ismail and Zhang [2], and diffegebbsons are
introduced in [3-5]. Several attempts to consider the interrelations among the various types
of boson operators have been presented, cf [6]. Within the stricter framework of quantum
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groups the Hopf algebra structure provides a further rather powerful guideline, which we
shall not consider in the present paper.
Defining the number operatar via

Alk) = k|k)
we obtain

[a,n] = a [A,a'] = a. (2)
Furthermore

a'alk) = [k], k) ie. 4], = a'a.
Hence

la.[A)g)y =a  [[A]y.a'], =a' (3)

and in the limitg — 1 equations (2) and (3) coincide. Fgr # 1 both are viable
g-deformations of the corresponding boson commutation relations.

The transformation of a second-quantized expression into a normally ordered form, in
which each term is written with the creation operators preceding the annihilation operators,
has been found to simplify quantum mechanical calculations in a large and varied range
of situations. Techniques for the accomplishment of this ordering have been developed
extensively, and are widely utilized. A particular subclass of problems and techniques
involves situations in which the operators of interest commute with the number operator.
More specifically, one is interested in transforming an operator which is a function of the
number operator into a normally ordered form, or transforming an operator which is a sum of
terms, each one of which consists of an equal number of creation and annihilation operators,
into an equivalent operator expressed in terms of the number operator only. The coefficients
in the expression for an integral power of the boson number operator as a normally-ordered
polynomial in the creation and annihilation operators turn out to be Stirling numbers of the
second kind [7].

The normal ordering of powers of the number operator for Arik—Cgdiosons exhibits
a rather minor deviation from the corresponding result for conventional bosons. The
expansion coefficients were identified @sStirling numbers of the second kind [8], which
were introduced in the context @f-analysis a long time ago, and whose combinatorial
significance has been extensively studied [9-15].

The normally ordered expansion of a power of the number operator for deformed bosons
other than the Arik—Coog-bosons considered here differs in a significant respect from that
for conventional bosons. It is found that the coefficients, that generalize the Stirling (or
g-Stirling) numbers, depend on the operafof8]. In view of this marked distinction
between Arik—Coony-bosons and all others, we restrict our attention in the present paper
to the former, in terms of which we consider thenalogues of a family of Stirling number
identities. Similar reordering problems, that involve the operator relatiBn- ¢gBA = B,
have been discussed by Al-Salam and Ismail [16].

2. The g-binomial theorem

For two commuting variables andy the binomial theorem states that

k . k . k—¢
ot =3 ()t @

£=0
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Since (’Z) =kl/e'(k — ¢)! it is natural to define g-analogue of the binomial coefficient in
terms of theg-analogue of the factorial, introduced earlier, th@q = [k] ' /[€]4 [k — €],
It turns out that this deformation satisfies the identity [17]

k
x+DE+PEx+¢> - (x+¢H = Z (’;) xk=tgte-n/2 )
=0 q

which is easily proved by induction ovét using the well knowng-binomial recursion

(k : 1>q N (z : 1)qqk+” - @q N <z - 1>q " @f

that is the basis of the-Pascal triangle. The last identity follows from the definition of
the g-binomial coefficients by utilizing equation (1). The sagp@nalogue of the binomial
coefficients appears in the expression

k - k . k-t
(x+) =Z(€)xy
q

=0
for two variables that satisfyx = gxy [18]. In fact, for such variables it is a simple matter
to expresgx + y)* in the form
(+ ) = A+ A+ ATy - A g T A+ Y
=q 2+ D +q) @+
wherez = y~1x. Hence, using (5), we have

k k
k k
k _ —(k=D)k/2_k k—€ (£=1)¢/2 __ k—0 ¢
X+ = Z = X .
x+y)=gq y ;:O <£>q q E <€>,, y

=0

3. Stirling numbers: basic properties

Our presentation of Stirling numbers and of their properties follows Gradtaah [19], to
whose notation and phase conventions we adhere.

Stirling numbers of the second kind are defined as the transformation coefficients from
the falling powersxf = x(x — I)(x — 2) --- (x — k + 1), to the powers

k
xk = k xﬁ.
i

Stirling numbers of the first kind are defined via

M

(=1L -

xkzz lz (—DFtxt. (6)
=1 L%

The equivalence of these two definitions follows from the obvious relatibn =
(—1)*(—x)*. These defining relations should be supplemented by

£]-[4]-»-
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From the defining relations one easily obtains the basic properties, i.e. the recurrence

relations
k+1 k k
=] ©

RNEENEH )

and the inversion formulae

k
[’Z ] { ‘ } (D =5 (10)

0=

and

and

k
> { ) } [ ‘ } (~DF = e (11)

L=m

The connection with the normal ordering problem of boson operators is as follows [7]

k
(@ha =ik =>3" [’g } (—D i’

(=1
and
k k
N k N k e €
n _;{E}n _;{Z}(a)a.

The g-analogues of these relations can be written in terms of Arik—Gpdosons, that
satisfy theg-commutation relationd, a'], = 1. The defining relations fog-Stirling
numbers can be written in the form [8]

k

@ia =05 | o
q

=1
and
k

(Al = z{’;} (ah'a'
q

=1
where equation (7) remains unchanged. Th&tirling numbers satisfy the recurrence

relations
{ ¢ } {E 1} - [E]q { ¢ } ( )
q q q

[kzllz = ([ 1L * e mq)qk (13)

and the inversion formulae

K Tk ¢
[ Z] {m} (D" =8 (14)
m q q

and

=
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and

k
Z{lz} [,ﬂ (=" = 8. (15)
q q

{=m

The ¢-Stirling numbers were originally introduced in termsgofalling powers [9]
[x]§ =[x]ylx =1];-- - [x —k+1],
via the relations

k . k k—¢ 4
D =21, | DI

t=1L"-q

and

k
k
k _ 3
[x]q - Z Y] [x]q'
(=1 q
The recurrence relations and inversion formulae satisfied by the Stirling-&tatling
numbers can easily be derivedb(initio) by considering the transformations between the
two sets of operatorguta, (a")2d?, ..., (a")*a*} and{n, A?, ..., A%}, as was actually done
in [8].

4. Stirling number identities and their g-analogues

We now consideg-analogues of the following Stirling number identities, listed by Graham
et al [19]. A derivation is presented for each one of them, using the boson operator algebra
la,a'], = 1 or theg-commuting coordinatesy[ x], = 0, as far as possibleg-analogues

are obtained by introducing appropriate modifications in the derivations. It is certainly
conceivable that different routes could lead to differgranalogues. In some of the cases
considered this is explicitly pointed out.

=2 Oh)

Proof. Noting the identity

Identity 1

al(h + D¥a = afa(@)* = a*+1 (16)
we evaluate the left-hand side as
al(h + Dra =af (i <k>ﬁz) a= i <k> i { ¢ } (ahHymtigm+t
=\l l m
and the right-hand side as

k+1
aktl = Z {k + 1} (ahYra?.

p=1 p

Equating coefficients we obtain identity 1. O
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g-analogue Relation (16) has g-analogue of the form [ + 1]} a = [4]}**. Noting that
[7 + 1], = 1+ q[n] we evaluate the left-hand side as

k
a'li +1)fa = af (Z (’z)c/[ﬁ]g> a

=0

and proceed in complete analogy with the derivation presented to obtain

il =2 O]

Note that this relation involves thg-analogue of Stirling numbers of the second kind, but
the undeformed binomial coefficients. It is intriguing to inquire whether an identity that
involves theg-analogue of the binomial coefficients can be formulated.

Identity 2
[ 3-2[1G)

Proof. We evaluatga®)**1a*+1 in two different ways. On the one hand

k1
(ah)e+ightt = i [k ‘; 1] (— 1)ttt
=1

and on the other hand

k
(ah)*takt = af (Z m (—1)”#) a

(=1
k k 4
k k—t A LA k ¢ k—m ~rm+1
= ;[6](—1) (n—l)n:lg;’;[g}(m)(—l) AL
Identity 2 follows by equating coefficients of equal powersiof d

g-analogue The derivation follows the procedure described earlier with obvious minor
adjustments. One obtains

L2 G

Again, the binomial coefficient is not deformed. A combinatorial derivation of this identity
was presented by de &dicis and Leroux [13].

Identity 3

k)l Sk [e+1 o
=2 (L)
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Proof. We evaluate:'7*a in two different ways, first

k
adika = Z {’Z } (ah)t*iat*t

=1
and second
. k. rk
a'ifa=hh -1 =) < )ﬁ’"*l(—l)km
m=0 m
k m+1
k 1 ,
= Z( )(—1)'”" > {’" N } (@h’a”.
m=0 m p=1 p

Equating coefficients we obtain identity 3.

g-analogue We note that on the one hand
k

a]‘[ﬁ]l;a — Z { I; } (aT)ZJrla[Jrl
q

=1
and on the other hand

k
a'lalsa = [Al,[A — 11} = [4], (C—i([ﬁ]q - 1)>

1 &k H(e+1
:72( )(—1)’””2{ + } (@hrar.
q" = \¢ U P g
Thereby equating coefficients we obtain

k] L&k [e+1 i
ol = O] o
k
£l e
m L+ 1]\m

Proof. We evaluatga®)*t1a*+1 in two ways, first

k
(aT)k+lak+1 = aT((aT)kak)a —— (Z |:§i| (_1)k—€ﬁ€> a

=1

Identity 4

M~

'g] D %am - 1"

X
N

and second

b
+
=

("1t = [k + 1} (—1)eHrzP

~
+
=P

g : 1} (—D PR+ (G — 1)t

-1
|:k + 1] ( ) 1) (—D**Pha — 1)t

p=1¢=0

T
PR
"E

and then, equating coefficients of equal powergof 1), we obtain identity 4.
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g-analogue The derivation presented above proceeds virtually unchanged, except that the
substitutioni = 1+ (7 — 1) should be replaced byi], = 1+¢[n —1],. One finally obtains

k S Tk+17 (¢ .
L] =2liin] Gy
mi, = +1 , \m
and once more, the binomial coefficient remains undeformed.

Identity 5

m! {:1} - Zm: ('Z)e"(—l)m—‘f.

=0

Proof. We proceed by induction ovér. First, we check that the identity holds for= 1,
noting that both sides vanish for = 0 as well as forn > 1, and that foin = 1 both sides
are equal to 1.

Assuming that the identity holds f@r(and allm) we prove that it holds fok + 1. This
is done as follows: we write the identity fgk, m — 1) and for (k, m), i.e.

k _mfl m—1 . .
(m—1)!{m_1}_2< . )e(—l)

=0

m! {:; } - Z (’Z)zk(—l)m‘.

(=0
Adding these two identities we obtain

(L) £

Using the recurrence relation for Stirling numbers of the first kind (9), and the binomial

recursion(?) — (";%) = (7-;), and multiplying both the left- and the right-hand sides by

m we complete the proof. O

and

g-analogue The identity

k . m m— m—L)(m—~L0—
e

=0
can be derived by an induction procedure that follows very closely the procedure presented.

Identity 6
k+1 k(e
= D
{m+1} Z_Zm{m}(m_’_)

Proof. This identity follows by induction ovek and using the recurrence relation for
Stirling numbers of the second kind (8). O

g-analogue Induction overk establishes the identity

k+1] e ‘e
{m+1}q_q Z{m}q[m+l]q '

{=m
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Lal=xl)E

{=m

Identity 7.

Proof. By induction overk, starting fromk = m and using the recurrence relation for
Stirling numbers of the first kind, (9), the identity follows. O

g-analogue The identity

k+11] _ Xk: e [klg! g~ eH1=00+0/2
m+1], m ], [£],!

{=m
is established by induction ovér
Identity 8
m+k+1] Z’": LR
m N = L '
Proof. This identity follows by repeated application of the recurrence relation,
equation (8). O

g-analogue Repeated application of the recurrence relation, equation (12), yields
{m +k+ 1} _ i[aq {k + ¢ } gmHEDm=0/2
mn a =0 t
Identity 9
m+k+1 7 k+¢
[ ] =Y k+0 [ ] .
m = 12

Proof. This identity follows by repeated application of the recurrence relation,
equation (9). O

g-analogue Repeated application of the recurrence relation (13) yields

m+k+1 N okt k+¢
[ ] — Zq (2k+m+0)( “’D/Z[k—i—z]q[ , :| .
mn R q

Identity 10
k
() =2l L)
m = L+1)[m

Proof. Substituting the expression ftir,’;fl from identity 1 in the left-hand side and

using the inversion formula, equation (11), we obtain the right-hand side. O
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g-analogue Following the same procedure we obtain

K\ o s [k+1) [ .
(=2l ]

and note that the binomial coefficient on the left-hand side is not deformed.

Lemma 1
k m
SR S (e
x—1 ,;,( o
Proof. By induction overk. O
g-analogue.
k
[x — 1]§ — [k]q! Z( l)k m (m(m D—k(k+1))/2 L*q [x]q
=0 [m]q
Proof. By induction overk. O
Identity 11

szl

Proof. We write (x — D) in two different ways. From the defining relation of Stirling
numbers of the first kind (6) that we write faf’*1, we obtain after dividing both sides by
X

m+l
(x _ 1)& — |: ] (_1)m+171£x(71
m+1 (-1

ZZ[m+li| {Z 1}(_1)m+1—2xp.

= p
From lemma 1 we obtain

k!
m __ _1ym—t=" L

(x—1) ‘;( TR

and by equating the coefficients of we obtain identity 11. O

g-analogue In complete analogy we derive the identity

k
(k]! g(mm=D—kG+1)/2 Z k+1 ¢ (=ptr
[m],! et il tml, |

Lemma 2 (Vandermonde’s formuld20]). For x and y two commuting variables the
following relation holds

k
(x4 k= Z (lz)xzyk_z. a7

£=0
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Proof. By induction overk, first checking that the relation holds fbr= 1 and then noting
that
@+ = )+ y = b

kL lk
= ( )x"y“((x — O+ (= (k= 0))
=0 ¢

easily yields the desired result. For= —1 lemma 2 reduces to lemma 1. |

g-analogue For two variables: andy that satisfyyx = gxy we expresgx + y)X in terms
of a linear combination of terms of the form#y* in the following way

cor=S[ ] S0, ) EL "))

=1 m=0 r=1 s=1

=ZZ((r k s))q"rys (18)
((r k S))qzz@:;[ﬂ(_l)k%(i)q{’f}{K_sm} (r+s <K).

Note that here the binomial coefficient is deformed but the Stirling numbers are not. In view
of its role in equation (18) we shall refer (c(fy)) as theg-falling binomial coefficient.

q
It is easy to establish that fgr = 1

(- * )= ()

As an illustration of they-falling binomial coefficients we note that
()t =xt4yt
(+n2=xt+ @+ gatyt+)2
@+ 92 =22+ A+ g+ g%yt + L+ g + ¢ty + 32+ (2% — g — Dyt
ie.

(o (o)
2o (G
G- (G
(o2 )= (2 )0

Thus, while the binomial coefficients appear both in the binomial theorem (4) and in
Vandermonde’s formula (17) thg-analogues of these theorems give rise to two distinct
sets ofg-analogues of the binomial coefficients.

et () =200 6

w N
= =
N—— N
N— N’
< <
| |
« 0N
< <
N N
N N
= o
w N
N N
N—— N
N—— N——
< <
| Il
E =
[}

Identity 12
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Proof. We write (x + y)" in two different ways. On the one hand

k n—k

o SOELEF

k=0 r=1 s=1
and on the other hand
n - n . p u  p~u
o= 5 ()
p=1 u=0

Equating coefficients af“y* we obtain identity 12. O

g-analogue Let the two variables andy satisfy yx = gxy. (x + y)" can be written in

two different ways. We present the steps of the derivation in order to carefully distinguish
between undeformed and deformed quantities that appear in the various steps. First, we
have

; " (n . o\ < [k — [n—k] ,
cror =20 =2 ) 2l b
and second, using lemma 2 we have
n - n - n p r.,s
cor=Slifeer-SEIER((, 7))
p=1 r s q

Equating coefficients we obtain

G )2 ),
L) =2 O]

Proof. For the two commuting variablesandy we write (x 4+ y)2 in two different ways.
On the one hand

n k k n— _k
CRRUEDY (Z) (Z [ J <—1>”x‘> (Z [" } (—D”’“"y’")
=0 =0 m=oL ™M

and on the other hand

n n ~ p p B
R Ry

p=1 t=0

Identity 13

Equating coefficients we obtain identity 13. |

g-analogue Forx andy satisfyingyx = gxy we write

(X+y)”=;((r " s))qx’y“
(D

r,s
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and then
=Y H U Pa P =YY [" O N (”) X'y
—~Lp —~ < Lp. t),

Equating coefficients we obtain

2O 2 DI

Note that the binomial coefficients on the left- and right-hand sides are deformed in two
different ways; the Stirling numbers remain undeformed.

Two further identities presented by Grahairal [19] relate the Stirling numbers of the
two kinds to one another. Their derivation is presented by Jordan [21], buytlagialogues
have so far evaded our efforts. They are therefore left as a challenge to the reader.

5. Conclusions

Theg-analogues of a family of identities that involve Stirling numbers of the first and second
kinds have been derived. The derivation takes maximum advantage of the connection
between theg-Stirling numbers and the normal ordering problem for Arik—Coon type
g-bosons.

It is remarkable thag-analogues of many of the classical Stirling number identities can
be formulated and we have revealed several of their interesting features. Among others
these include the emergence of a new type of deformed binomial coefficient, that, due to
the role it plays, was referred to as thdalling binomial coefficient.

One issue of particular interest has to do with the fact that some of the Stirling number
identities examined haveg-analogues in which some but not all the factors involved are
g-deformed. The possibility that other routes could lead to other typesasfalogues in
which different factors, perhaps all of them, would peleformed, presents an interesting
set of open problems.

Whereas further generalization of at least some of the results to other typdsosbns
is conceivable, it is clear that the deviation from the undeformed bosons will be considerably
more far reaching.
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